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Abstract 



We consider general black holes in Z? = 5, = 2 supergravity coupled to vector multiplets, 
and discuss the issue of microstate counting from various viewpoints. The statistical entropy 
is computed for the near-extremal case using the central charge of the AdS2 factor appearing 
in the near-horizon geometry. Furthermore, we explicitly construct the duality transformation 
connecting electrically charged black holes to magnetically charged black strings, under which 
the AdS2 X S'^ near horizon geometry becomes AdS'i x S^. For AdS^ the counting of microstates 
correctly reproduces the Bekenstein-Hawking entropy, thus resolving the discrepancy previously 
found for AdS2- 
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1 Introduction 



The study of black hole solutions in = 2 five-dimensional supergravity coupled to vector 
and hypermultiplets plays an important role in the understanding of the non-perturbative 
structure of string and M-theory 0]. In this setting the interplay between classical and 
quantum results is exemplified at its best. 

In this paper we consider general charged black holes of the D = 5, N = 2 theories, 
not necessarily those obtained from compactification of eleven-dimensional supergravity 
on a Calabi-Yau threefold. The analysis is simplified by the rich geometric structure of the 
N = 2 theories. Black hole solutions are given in terms of a rescaled cubic homogeneous 
prepotential which defines very special geometry 0. In the extremal BPS case, half of 
the vacuum supersymmetries are preserved, while at the horizon supersymmetry is fully 
restored 0. 

In five dimensions the supergravity action contains a Chern-Simon term which allows 
the existence of black holes with nonvanishing angular momenta (but still nonrotating 
horizon) 

These issues have been the object of recent, extensive studies. In the present pa- 
per we focus on the asymptotic symmetries of the near-horizon geometry of the general 
near-extremal solution: the aim is the computation of the entropy from a counting of 
microstates to be compared to the macroscopic, thermodynamical entropy. 

We will see that the calculation of the microscopic entropy of small excitations above 
extremality is equivalent to a microstate counting for certain black holes in two-dimensional 
anti-de Sitter space. The latter, however, is problematic: AdS2 has two timelike bound- 
aries, but when applying Cardy's formula for the density of states only one boundary is 
taken into account. This procedure leads to a statistical entropy result which is off by a 
\/2 factor with respect to the Bekenstein-Hawking entropy Up to now, no satisfactory 
explanation of this mismatch is known. Our results support the point of view that only the 
ground state has an effective description in terms of a quantum-mechanical system |llO| , 
whereas the excitations above extremality are described by a two-dimensional conformal 
field theory |lTl. 

In our work we address these issues in a constructive approach. The main result 
that we present is an explicit duality transformation, which realizes an invariance of the 
N = 2 supergravity action. This duality turns the AdS2 x near horizon geometry of 
the extremal black hole solution into AdS^ x S"^. The key point underlying the duality is 
the fact that the three-sphere can be written as a Hopf fibration over the base 5*^. For 
AdS^, the counting of microstates is performed using Cardy's formula and it is shown that 
it reproduces correctly the Bekenstein-Hawking entropy, thus resolving the discrepancy 
previously found for AdS2- 

In the case where the D = 5, N = 2 supergravity action is obtained by Calabi-Yau 
(CY) compactification of M-theory, the considered duality transformation, which maps 
electrically charged black holes onto magnetically charged black strings, corresponds to 
the duality between M2 branes wrapping CY two-cycles and M5 branes wrapping CY 
four-cycles. According to ||12[, M-theory compactified on AdS^ x S'^ x M, where M 
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denotes some Calabi-Yau threefold, is dual to a (0, 4) superconformal field theory living 
on an M5 brane wrapping some holomorphic CY four-cycle. This fact has been used in 
13 1 to compute the entropy of five- dimensional BPS black holesQ. We stress that our 



method for microstate counting applies to any near-extremal black hole in N = 2, D = 5 
supergravity, independent of whether it is obtained by CY compactification or not. 

Our paper is organized as follows: in section 2, the basic notions of N = 2, D = 5 
supergravity and very special geometry relevant to our analysis are summarized. In 
section 3 we review the black hole solutions and consider the STU model as a simple 
example, which nonetheless retains all the interesting features of the general solutions. 
In section 4 we present the isometry superalgebra which arises in the near horizon limit, 
while in section 5 we show that the motion of a particle which moves near the horizon 
of the extremal rotating black hole is described by conformal quantum mechanics. This 
indicates that the ground state may have a description in terms of conformal quantum 
mechanics (ITR [TBI , even when rotation is included. In section 6 we compute the statistical 



entropy of small excitations near extremality, using the AdS2 central charge ^ , and find a 
\/2 factor of discrepancy as compared to the thermodjTiamical Bekenstein-Hawking result. 
In section 7 we construct the duality transformation for the supergravity action, and in 
the following section we finally perform the state counting, using the fact that the near- 
horizon geometry of the dual solution includes an AdS^ factor. In this way, we obtain 
a microscopic entropy which agrees precisely with the corresponding thermodynamical 
result. We conclude with some final remarks. 



2 D = 5, N = 2 Supergravity and Very Special Geom- 
etry 

The theory of = 2 supergravity theory coupled to an arbitrary number n of Maxwell 
supermultiplets was first considered in |T^. In the analysis of it was established 
that the scalar fields of the vector multiplets parametrize a Riemannian space. The 
homogeneous symmetric spaces take the form 



^ StrojJ) 
Aut{J) ' 

where StrQ^J) is the reduced structure group of a formally real unital Jordan Algebra of 
degree three, Aut{J) is its automorphism group. 

The scalar manifold can be regarded as a hypersurface, with vanishing second funda- 
mental form of an {n + l)-dimensional Riemannian space Q whose coordinates X are in 
correspondence with the vector multiplets including that of the graviphoton. The equa- 
tion of the hypersurface is V = 1 where V, the prepotential, is a homogeneous cubic 
polynomial in the coordinates of Q, 



^The work in [O includes as a special case also the results obtained in fU 
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V(X) = \ CukX'X-'X"^. (2.1) 
o 

Non-simple Jordan algebras of degree three are of the form M © S„, where S„ is the 
Jordan algebra associated with a quadratic form. The corresponding symmetric scalar 
manifolds are 



In this case, V(X) is factorizable into a linear times a quadratic form in (n — 1) scalars, 
which for the positivity of the kinetic terms in the Lagrangian, must have a Minkowski 
metric. For simple Jordan algebras, one obtains four sporadic locally symmetric spaces 
related to the four simple unital formally real Jordan algebras over the four division 



algebras R, C, H, O. For more details we refer the reader to ||T7|. 

For M-theory compactification on a Calabi-Yau threefold with Hodge numbers 
and /i(2,i), the five dimensional theory contains the gravity multiplet, — 1 vector 

multiplets and /i(2,i) + 1 hypermultiplets. The — l)-dimensional space of scalar com- 

ponents of the abelian vector supermultiplets coupled to supergravity can be regarded as 
a hypersurface of a i)-dimensional manifold whose coordinates X^(0) are in correspon- 
dence with the vector bosons (including the graviphoton) . The defining equation of the 
hypersurface is as in (|2.1| ) 



V(X) = \ CijkX'x'x'' = X'Xj = 1, /, J, = 1, . . . , (2.3) 
o 

Here Cjjk are the topological intersection numbers of the Calabi-Yau, Xj are the so called 
"dual" special coordinates. 

The bosonic part of the ungauged supersymmetric N = 2 Lagrangian which describes 
the coupling of vector multiplets to supergravity is given by 



The corresponding vector and scalar metric are completely encoded in the function 
V(X), 

Gij = ~didj\nV{X)\v=i 

g,, = GijdiX'djX'\v=i (2.5) 

where di and dj refer, respectively, to partial derivatives with respect to the scalar fields 
and X^ = XHd)'). 
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Further useful relations are 

d,Xi = -'^Gjjd.X-' , Xj='^GjjX'. (2.6) 

It is worth pointing out that for Calabi-Yau compactifications, V represents the intersec- 
tion form, X^ and Xj = ^CjjkX-^ X^ correspond, respectively, to the size of the two- 
and four-cycles of the Calabi-Yau threefold. 



3 Black Holes in the STU = 1 Model 

In the last few years considerable progress has been made in the study of BPS black hole 
states of the low-energy effective actions of compactified string and M-theory. This was 
mainly motivated by the important role that these states play in the understanding of the 
non-perturbative structure of string theory. The magnetic and electric BPS solutions of 
five-dimensional N = 2 supergravity models coupled to vector and hypermultiplets can 
be regarded as solitons interpolating between two vacua: Minkowski flat space at inflnity 
and AdS^ x 5*^ and AdS2 x near the horizon. At a generic point in space-time, the 
BPS solution breaks half of supersymmetry. However, near the horizon supersymmetry 
is enhanced and fully restored. 

In M-theory compactifled on a Calabi-Yau threefold, electrically charged point-like 
and magnetically charged string-like BPS states correspond to the two and flve-branes of 
M-theory wrapped around the two- and four-cycles of the Calabi-Yau space respectively. 
Though the details of the low-energy Lagrangian depend very much on the geometric and 
topological data of the compactifled Calabi-Yau space, the analysis of the BPS solutions is 
considerably simplifled by the rich geometric structure based on "very special geometry" 
underlying the N = 2 flve-dimensional theories with vector supermultiplets ||18|| . 

The metric for the BPS black hole solutions can be brought to the form 

ds^ = -e-^^idt + Wmdx'^f + e^^dx\ 
F^^ = dUX'Qn)-dn{X'Q^), 
FL = -dUe-'^'X'), 

e'^'Xj = ^Hj, (3.1) 

where Hj are harmonic functions, Hj = hj + hj are constants and Qi denote the 
electric charges. Furthermore one has Qn = e~^^w„ , and the fleld strength of Wm is 
self-dual. If one deflnes the rescaled coordinates = e^X^ , then the underlying very 
special geometry implies that 

e'"" = i CukY^Y'Y^. 



As a general magnetic string solution of = 5, = 2 supergravity, one obtains 
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Fi 



-w I 



-de + dz') + e^^dx 



mn 



with the harmonic functions 



, n Tjl pW fjl 

iji ijJ 





(3.2) 



(3.3) 



where are constants and are magnetic charges. 

In the electric case, the near-horizon geometry is given by AdS2 x 5*^ and the black hole 
entropy, related to the horizon volume 5*^, is given in terms of the extremized electric 
central charge. For the magnetically charged D = 5 BPS black string, with near-horizon 
geometry Ad S3 x S"^, one similarly finds that the extremized value of the BPS tension is 
related to the volume of the S'^. 

As an example we consider the STU = 1 model |1|, |I8|. This can be obtained by 
compactification of heterotic string theory on x The tree- level prepotential of 

this model is given by 



V 



and corresponds to the scalar manifold (|2T 
U = X^, one gets for the matrix G^^^ 



STU = 1, 
for n 



2. Taking S = X^, T 



ij 



G 



Considering S as the dependent field, i. e. S = 1/(TU), we find 




(3.4) 
X^ and 

(3.5) 



T2 _ 



TU 



hole solution 20 



= ( X T ) ' = o I rji ■ (3.6) 

V 2TU J \ 2 ^ / 

The field equations following from the action ( p.4| ) admit the non-extremal static black 

ds"^ 
F^ 
X' 



e-'''' fde + e'^f-'dr' + r'dni) 



(3.7) 



12V 



where 



Hj'e 



dnl = dd"^ + sin^ Odcj)'^ + cos^ Odip'^ 



(3. 
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denotes the metric on the three sphere S^. The Hi are harmonic functions given by 

Q 



Hj = l + ^, (3.9) 



and V reads 



Furthermore we have 



e^^ = {H,H,H2fl\ (3.10) 



/=l-4 (3-11) 



with the nonextremahty parameter /x, and 



Hi = l + % (3.12) 



where the Qi denote the physical electric charges. They are related to the Qi appearing 
in ( |3.9| ) by the equations 

Qi = — sinh /5/ tanh — , 

Qi = |sinh/3/. (3.13) 

The extremal (BPS) limit is reached when /3/ oo, /x — 0, with /isinh/3/ kept fixed. 
For the ADM mass Madm, the Bekenstein-Hawking entropy Sbh, and the Hawking tem- 
perature Th one obtains 

In the extremal case, also a rotating generalization of ( p.7|) can be obtained from the 
general form ( |3.1| ). Its metric is given by 

ds^ = -e~^^{dt + w^{r, e)d(j) + w^r, e)d^y + e^^{dr^ + r^dQ^), (3.17) 

where 

a sin^ 9 



.2 



, ^, a cos^ 9 , 
w4r,9) = — (3.18) 



The gauge fields are 



Ai 



Ai 



-2V 



-,-2V 



(3.19) 



The moduh X^ and the functions V and Hj are as in (|3.7]), ( ^.1U| ) and ( ^.9| ) respectively, 
and the ADM mass is given by ( |3.14|) for /i = 0. The Bekenstein-Hawking entropy and 
the angular momenta read H 



Sbh 



A 



hor 



TC 



AG 2G. 



■VQ0Q1Q2 



-J 



an 

4g: 



4 Near-Horizon Limit and Isometry Superalgebra 

In the following two sections, we shall be particularly interested in the near-horizon limit 
of ( p.lTp . For r — i> we can write 



■'hor 
2"' 



3r 



(4.1) 



where Z = QjX^ is the central charge, and Z^or = •^{QoQiQ2y^^ is its value at the 
horizon. Introducing the horospherical coordinates {t,p), 



t 

T = - 

2 



2r' 



^hor 



■'hor 



(4.2) 



one gets for the near-horizon metric 



-p^dr"^ + °^ dp^ + — — pdrisiv? 6d(j) — cos^ Odif)) 



■'hor 



dn 



I2p'^'~''' ' Zhor 

TJo? 



73 

hor 



sin^ Qd^ - cos^ Qd^)' 



(4.3) 



We observe that, in contrast to the case of vanishing rotation parameter, the spacetime 
does not split into a product AdS^ x S'^ . Although the AdS^ part is the same as without 
rotation, there are nondiagonal elements, and the three-sphere is distorted. The isometry 
superalgebra of the near- horizon supergravity configuration was determined in [^, where 
the fact that the residual isometry supergroup can be determined (modulo bosonic factors) 



from a knowledge of the Killing spinors [^, has been used. In this way, one obtains 

that the near-horizon geometry is invariant under the superalgebra su(l, 1|2) © m(1) in 
the rotating case, and under s-u(l,l|2) © s-u(2) for a = ||2T|. Thus, for a 7^ 0, the 
bosonic subalgebra is sm(1, 1) © 5^(2)^ © u(X)r- In fact, the near-horizon spacetime is a 
homogeneous manifold of the form [^0(2, 1) x S\J{2)l x ?7(l)ij]/[f/(l) x f/(l)] 0]. The 
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conformal algebra su{l, 1) = so(2, 1) is generated by the Killing vectors ^1 
h 



d 
k 



Or, 

^hor 



Tdr, 



TIo? 

hor 



3a 



{Oct, - d, 



satisfying 



[d, h] = h, [d, k] = -k, [h, k] = 2d. 



(4.4) 



(4.5) 



Thus, although the manifold is not a product AdS2 x 5*^, we find the so{2, 1) symmetry 
inherent to AdS2- In the following section, we will see that this symmetry, which is the 
conformal symmetry in + 1 dimensions, occurs also in the action of a particle charged 
under the vectors moving in the near-horizon regime. 



5 Particle Motion near the Horizon 

We now consider a particle of mass m, carrying the charges qj under the abelian vectors. 



which moves in the background 



. Like in []T5|, we introduce the new coordinate q 

^hor 



P 



3g2 



We use a Hamiltonian formalism, and define 

n = ^g^''iU,-qjAl)iU,-qjAi), 
where the 11^ denote generalized momenta. For our configuration, this leads to 



(5.1) 



(5.2) 



n 



n 



1 - 



27a" 

hor 



hor 



hor 

9a 



Ql^Lr 



where 



n + 



n" 



+ 



TT" 



sin Q cos" d 



(5.3) 



(5.4) 



denotes the conserved angular momentum. As the coordinates r, and ^ are cyclic, 
the associated conjugate momenta are constants of motion. If 7i solves the mass-shell 
constraint 27i = — m", —11,- is to be identified with the particle Hamiltonian H. Setting 
Ilg = p and defining u = pq, one obtains 



H 



mg 



2F{u) 2q^F{u) 



(5.5) 
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with 



(5.6) 



and the function F{u) given by 



F(u) 



27a\, 3 

?3" 



^hor ^hor 



(5.7) 



In ( |5.7|) , the constant C is defined by 

9a 



72 



One observes that in the hmit 

Zhor -^00, m- qiXl^,^ 0, 



(5. 



(5.9) 



with Zhorijn — qiXl^j.) kept fixed, we have F{u) m, and ( ^.5|) reduces to the DFF 
model [E5|l 



2m 2q^ 



(5.10) 



Note that also the general Hamiltonian ( |5.5| ) describes a model of conformal mechanics. 
To see this, we write it in the form 



H 



p 



with 



fin) 



u^F{u) 
+ mg 



(5.11) 



(5.12) 



The generators of the conformal group are then given by 



H 



D = -u, K = -q^f, 
2/ 2 2 



satisfying the Poisson bracket algebra 

[D, H] = H, [D, K] = -K, [H, K] = -2D. 



(5.13) 



(5.14) 
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6 Statistical Entropy from AdS2 Central Charge 



In order to determine the central charge of the boundary CFT, we proceed along the lines 
of ^ and reduce the bosonic part of the D = 5, N = 2 supergravity action to 
two dimensions. In this section we shall only consider nonrotating black holes carrying 
electric charge. This means that we can consistently truncate the Chern-Simons term in 
so that the bosonic part of the action in five dimensions reads 



-9 



R 



(6.1) 



where Gs = P denotes Newton's constant. The matrices Gjj and Qij for the STU model 
were given in section ^. The reduction ansatz for the metric is 

ds'^ = dsf2) + f^^dn"^, (6.2) 

where $ denotes the dilaton and dQ"^ is given by (|3.8|) . 

One now assumes that the gauge fields, scalars and dilaton do not depend on the 
coordinates on the internal 5''^. In this way, one arrives at the two-dimensional effective 
action 



d Xy 



-9 



^'R + 6$(V$)^ -r — - - ^ii-aV^ . ^ - -^ ^IJ^ o^p^ 

(6.3) 

where f2 = 27r^ denotes the volume of the unit S^, and early greek indices a, /5, . . . refer to 
two-dimensional spacetime. We now wish to integrate out the field strength F^^ (which in 
two dimensions must be a multiple of the volume form eap) from the action. This can be 
done using the Lagrange multiplier method of ||3^. Let us briefly sketch how this works: 
Instead of looking at the gauge field action 



IQtx 



.1 



d^Xy/^-<^^GijFl^F^"'^ 



one looks at the formally extended action 



167C 



d'^x 



]^^g^'GijFif,F'^^ + Xi{Fip - + dpAi)e^ 



(6.4) 



(6.5) 



where the definition of F^ as a field strength associated with is implemented by means 
of the Lagrange multiplier A/. Note that the three variables F^, and A/ are considered 
as independent in this setting. Variation with respect to A^ yields 



(9/3 (A/e 



0, 



(6.6) 



so that Kj := Xi/y/—g are constants. Due to ( |6.6D , the term A/(— SqA^ + dpA^^)e°'^ in the 
action ( |6.5| ) is a boundary term and can be dropped. We can then integrate out the field 
strength F^, using its equation of motion 



(6.7) 
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This yields 



167r 



d ,1,3 ' 



so that we are left with the total two-dimensional action 



167r 



^^R + 6$(V$)' + 1? - •I'^'e^i,-^,^*^"^^' 



$3 



The dilaton kinetic term in ( p. 91) can be eliminated by a conformal rescaling 
Defining $ = we obtain 



S'x^/ —g 



■ a _ C^-^ K A 



/2$l/3 



$5/3 



(6.^ 



(6.9) 



(6.10) 



(6.11) 



Let us now consider the nonextremal black hole solution (|3.7|) of the action ( |6.1| ), and 
expand it near extremality. To this end, we introduce an expansion parameter e (e — ^ 0), 
and set 



t 



$ = $0 + ev9, 



where 



(Q0Q1Q2) 



1/2 



P 



er, /i = floe, 
-- 00 + 

Qr'(QoQiQ2 



1 1/3 



(6.12) 



(6.13) 



Introducing the new coordinate 



X 



2/2 



f2 _ /fO< 

2 ' 



we arrive at 

(is^ = _(aV - a'')dP + {X^x^ - a^r'dx^ 
for the rescaled two-dimensional metric, with A and a given by 

A 



{QoQiQ2y/' 



(6.14) 
(6.15) 

(6.16) 
(6.17) 
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Defining a new dilaton rj by 



V 



Qeip 



we obtain for tlie action at lowest order in tlie expansion parameter e, 



(6.18) 



(6.19) 



so tlie leading order is governed by the Jackiw-Teitelboim (JT) model [31 . ( 6.15| ), together 
with the linear dilaton 



V 



T]oXx, 



(6.20) 



represents a black hole solution of this model 0], with mass and thermodynamical entropy 
given by 



M(2) 
^(2) 



(6.21) 



This black hole spacetime has constant curvature, i. e. it is locally AdS2- Now it is known 
that the asymptotic symmetries of two-dimensional anti-de Sitter space form a Virasoro 
algebra 0, similar to the case of Ad S3, where one has two copies of Virasoro algebras as 
asymptotic symmetries P2|. When realized canonically in the Hamiltonian formulation 
of JT gravity, this algebra was shown to exhibit a central charge 



33 



c = 24r/o 



(6.22) 



Using this central charge in Cardy's formula, the authors of were able to give a micro- 
scopic derivation of the entropy of the two-dimensional black holes (|6.15|) in the JT model. 
Our aim is now to perform a similar calculation for the near-extremal five dimensional 
black hole under consideration, making use of the fact that the dimensionally reduced 
supergravity action coincides with the JT model at leading order in the nonextremality 
parameter, and that the relevant two-dimensional metric is given by (|6.15|) ^. First of all, 
we expand the ADM mass Madm ( ^.141 ) and Bekenstein-Hawking entropy Sbh ( |3.15| ) of 
the black hole ( |3.7| ) in five dimensions for — > 0, yielding 



M 



ADM 



Sbh = ^,{QoQiQ2y/\l + ^Y.QT''^ 



(6.23) 
(6.24) 



^Cf. 



for similar computations in the case of heterotic 4D string black holes. 
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so the small excitations above extremality have the energy 



and entropy 



AMadm = ^J2QJ' (6.25) 



ASbh = :^(QoQiQ2)'/'$^Q7'- (6.26) 



Comparing this with the two-dimensional results ( |6.21| ), one finds ASbh = S(2) and 
AMadm = eAf(2). The factor e appearing in the relation between the two masses stems 
from the fact that Madm was computed with respect to the Killing vector dt-, whereas 
M(2) is related to di = edt- This means that up to these normalizations the five- and 
two-dimensional energies and entropies match. Expanding also the Hawking temperature 
(|3.16|) for small values of the nonextremality parameter /i, one finds for the temperature 
dependence of A Madm 

AMadm = ^QoQiQ2 QJ'^ (6-27) 

so the energy of the excitations above extremality is that of an ideal gas of massless 
particles in 1 -|- 1 dimensions. This suggests that the microstates should be described by 
a two-dimensional field theory rather than a quantum mechanical system. Let us now 
proceed with the computation of the statistical entropy, using the central charge ( |6.22| ). 
The Virasoro generator Lq for the black hole ( |6.15| ) is given by 



Inserting this together with the central charge (|6.22|) into Cardy's formula, we get for the 
statistical entropy 



Sstat = 2^Vl^ = ^(Qogig2)^/^X^Q7\ (6.29) 

which agrees, up to a factor ^/2, with the thermodynamical entropy ASbh of the small 
excitations above extremality. The same mismatch by a factor ^/2 has been found in |Q, 
where the authors proposed an explanation of this for the case when the model ( |6.19| ) 



comes from dimensional reduction of three-dimensional AdS gravity. Although in our 
case AdS2 arises as near-horizon geometry of a higher-dimensional black hole with no 
intermediate AdSs geometry involved, we shall see in the next section that by means of a 
duality transformation the near-horizon geometry AdS2 x of the extremal black hole 
becomes AdS^ x S'^. We will then be able to use Strominger's counting of microstates 
in order to reproduce correctly the Bekenstein-Hawking entropy of the black hole. 
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7 Duality Invariance of the Supergravity Action 



In this section we will show that in presence of a Killing vector field 9^, the supergravity 
action ( |6.1| ) is invariant under a certain generalization of T-dualityQ. The key observation 
is then that the three sphere appearing in the black hole geometry can be written as 
a Hopf fibration, i. e. as an bundle over CP^ ~ S"^. Performing then a duality trans- 
formation along the Hopf fibre untwists the S^, and transforms the electrically charged 
black hole into a magnetically charged black string, which has AdSs x S'^ as near-horizon 
limit in the extremal case. 

To begin with, we reduce the action (|6.1|) to four dimensions, using the usual Kaluza-Klein 
reduction ansatz for the five- dimensional metric, 

ds^ = e^Z-^dsl + e-2^/^(c/z + Aadx'')\ (7.1) 

where k denotes the dilaton, and early greek indices a,/?, . . . refer to four-dimensional 
spacetime. Assuming that the fields appearing in ( |6.1| ) are independent of one arrives 
at the four- dimensional action 

h = / rfVv^ k - ^(VA:)^ - ie-v^^^^ - \e-'I^^F^ - G^.d^c^d-c^ 

'(7.2) 

where L denotes the length of the circle parametrized by z, is the field strength asso- 
ciated to the Kaluza-Klein vector potential A, and 

= TapT''^ = GijFipF''^^. (7.3) 

We now dualize both and F^, using again the Lagrange multiplier method of pO| . 
Dropping boundary terms, we arrive at the dualized action 

^ j d'x^,[R,-\{Vkf-\e^'\^Tf 



IGTrG, 



5 



where we defined 



~e^'^^h3''^Fiap''Ff - (7.4) 

= -e ^^^ap-yS^^^ ^ (7.5) 

Flap = e-^^'-^^Gueap-ysF'^'. (7.6) 

Comparing ( |7^ ) with ([7.2|), we observe that the gravitational and gauge field parts of the 
four-dimensional action, as well as the dilaton kinetic energy, are invariant under the Z4 
transformation 

k — > — fc, ^aP a/3, *Fiap, Gjj '^^^^ ' i"^ ■'^) 



By considering (6.1) we assumed that the Chern-Simons term does not contribute. One can easily 
generahze the discussion below to nonvanishing CS term. This resuUs in a term in four dimensions, 
which does not spoil the considered duality invariance. 
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The Z4 is actually a subgroup of the usual symplectic Sp{2m + 2, M) duality group |36 
of D = 4, N = 2 supergravity (coupled to m vector multiplets) generated by 



10^ 

Note that the transformation Gjj — >■ G^^ /A means that 

Xi - \x\ (7.9) 

so essentially the special coordinates go over into their duals. The fact that this dualization 
implies Gjj —>■ can be shown using the expression 

Gu = ^-XjXj - ^CukX"^, (7.10) 
as well as the "adjoint identity" 

CiJkC,ji{lmC PQ)K'5'^^ =^^i{lCmpq) (7-11) 

of the associated Jordan algebra |T^ . It can also be seen that this duality transformation 
is consistent with the relations ( p.6|) . Furthermore, making use of the equation 

gi,d^(t>'d''(t>^ = Gijd^x'd'^X'', (7.12) 

one checks that (|7.9| ) does not change the kinetic term of the scalar fields, so (|7.7| ), ( [7.9|) 
represent in fact a duality invariance of the four-dimensional action ( |7.2| ). In the special 
case of the STU = 1 model, ( [7.9|) implies that the moduli 0* go over into their inverse, 

f - i (7.13) 

We now wish to apply the duality ( |7.7| ), ( |7.9| ) to the black hole solution (|3.7|). To this 
end, we consider the as an bundle over S"^, and write for its metric 

dQ^ = ^ [d^^ + sin^ M<^'^ + {dC + cos M<^f] , (7.14) 

where C (0 ^ C ^ ^vr) parametrizes the fibre. Introducing the coordinate z = X(, 
where A denotes an arbitrary length scale, one can write the 5d metric in the KK form 
(|7?l| ), where 

2 









ds^ = 


— e 




2X 






2X ' 




A = 


A cos 





fde + e'T'dr' + e'^' -id^' + sin' M^') 



(7.15) 
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(Note that T = dA is essentially the Kahler form on S"^). We now dualize in 4d according 
to (|7. 7| ) , and then relift the solution to five dimensions. This yields the configuration 



-2V 



4A2 
r sin -(9, 



^ dt^ + 2dzdt + ^dz^ 



+ 7T?^ 



f-^dr^ + —dnl 



Q 
4A 



(7.16) 



One effect of the duality transformation is thus the untwisting of the Hopf fibrationQ. 
Although the metric in ( [7.16| ) contains nondiagonal elements proportional to dzdt, there 
is no rotation present. To see this, one observes that the nondiagonal elements come from 
the vector potential A in four dimensions, which gives rise to the field strength JF. The 
equations of motion for following from the action ([7.2|) read 



Va(e 



0, 



so there exists an associated conserved charge 



Jsl. 



(7.17) 



(7.18) 



For the solution ( |7.16| ) under consideration, however, one easily verifies that J (which, up 
to a normalization factor, represents the angular momentum) vanishes. 
One can further simplify ( |7.16D by an SL{2,W) transformation 



t' 
z' 




(7.19) 



Introducing also the new radial coordinate p = r^/(4A), we then get for the metric 



ds' 



-2V I 



-fdt'^ + dz'^) + e^^'if-'dp' + p'dnl). 



(7.20) 



( |7.2CI| ), together with the gauge and scalar fields given in ( [7. 161 ), represents a nonextremal 
generalization of the supersymmetric magnetic black string found in [^]. The duality ( [7.7|) 
thus maps electrically charged black holes onto magnetically charged black strings. 
Now a short comment on the S'L(2,M) transformation ( |7.19|) is in order. The orbits of 
the Killing vector 



2A 



(7.21) 



"^The fact that Hopf bundles can be untwisted by T-dualities was observed in The idea of 

untwisting and twisting fibres to relate strings and black holes, and thus to gain new insights into black 
hole microscopies, was also explored in ^9|. 
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are non-compact since the time coordinate is non-compact. This means that globally the 
spacetimes in (|7.16|) and ( [7.20|) are not equivalent. To make the transformation ( [7.19|) 
a symmetry, we have to compactify the orbits of dz'- We shall see below however, that 
the temperature and entropy of one black string can be deduced from the other, which 
indicates that the two solutions ( [7.16| ) and ( |7.2CI| ) are in the same universality class pUf . 
The Bekenstein-Hawking entropy of the black string ( [7.20| ) results to coincide precisely 
with that of the dual black hole given by (|3.15|) , if we assign to z' the period ^z2\/ ^JJl, 
where Az = AnX denotes the period of z. The Hawking temperature can be computed by 
requiring the absence of conical singularities in the Euclidean metric, yielding 



H 



2X^ 



1 1/2^ 



(7.22) 



i. e. 2A/^//i times the black hole temperature (p.l6|) . The factor 2A/^//i stems from the 
rescaling of the time coordinate contained in ( [7.19| ). Thus, up to this normalization, the 
temperature and entropy of the black string (|7.2CI|) coincide with that of the dual black 
hole (p^), i. e. they are duahty invariant. 



8 Microstate Counting from AdSs Gravity 



We now want to use the near-horizon geometry of the dual solution ( [7.20| ) to count the 
microstates giving rise to the Bekenstein-Hawking entropy. In Q it was shown that in the 
extremal case, the geometry becomes AdS^ x 5*^ near the event horizon. The idea is now 



to use the central charge of AdSs gravity ||32| in Cardy's formula, in order to compute 
the statistical entropy, like it was done by Strominger ||3^ for the BTZ black holeQ. As 
only the AdS^ part is relevant, we would like to reduce the supergravity action from five 
to three dimensions. To this end, we first Hodge-dualize the magnetic two-form field 
strength in (|7.16|) . This yields for the action (|6.1| ) 



1 



1 

-( 

2 



(8.1) 



where 



H 



I/lUp 



2^/3 



•2) 



Note that for the solution under consideration, the Hj do not depend on the coordinates 
of the internal S"^. Furthermore, in 3d the three- forms Hj are proportional to the volume 
form and can be integrated out. For the metric, we use the reduction ansatz 



ds' 



dsl 



l^^dnl 



^Cf. also where similar computations for black strings in six dimensions with BTZ x S'^ near- 
horizon geometry were performed. 
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where = as before, and dVt^ denotes the standard metric on the unit S"^. This gives 
the reduced action 



U) 



where early greek indices a, . . . refer to three-dimensional spacetime. Using the proce- 
dure described in section the three-forms Hj can be integrated out. In this way, one 
finally obtains 



4/ 



/2(|,2 ^2 



(V$)2 - 



GijP'P ' 

$4/4 



where we introduced the magnetic charges 

4A 

of the black string ( [7.16| ) . 

We find it convenient to conformally rescale the metric. 



15) 



1.6) 



gai3 = ^ga 



/3' 



•7) 



yielding 



41 



R3 + 



(V$)^ 



GijP'P' 



$5/4 



for the action. The conformally rescaled 3d metric reads 

L LJ 



The idea is now to expand this metric near the horizon and near extremality. This can 
be done by setting 



t' = ^{2\Y 



I 



and taking the limit e — 0. This leads to the metric 



~2 A^o^ 



{2xy 



/i = /ioe, (8.10) 



dsl 



lift — ri 



fS.lll 



where we introduced 



"eff 



'■eff 



I ' 

Q0Q1Q2 
16/A3 ' 



(8.12) 



We recognize ( |8.11| ) as the BTZ black hole with event horizon at f = f_|_. One 
easily verifies that the period of the coordinate z" is 27r. Ag// = —l/l^jj- is the effective 
cosmological constant. The effective 3d Newton constant can be read off from the action 
(iH), yielding 



1 



=Z7^^o- (8.13) 

where the subscript indicates that the dilaton $ is to be evaluated at the horizon. In this 

way, we get 



1 



eff 



An 



pSVw 3/2 



The Bekenstein-Hawking entropy of the BTZ black hole (|8.11| ) is given by 

A, 



'-hor 



(3) 



4a 



/2 



(8.14) 



^.15) 



'eff - J 

which, as it should be, equals the entropy ( |3.15D of the five- dimensional black hole we 
started with. The BTZ black hole mass M(3) can be computed using the formula 



which yields 



M, 



(3) 



"^^Geffllff 



(8.16) 



(8.17) 



We can now apply Strominger's counting of microstates |3J] to reproduce the Bekenstein- 
Hawking entropy. To this end, one first observes that the central charge appearing in the 
asymptotic symmetry algebra of AdS:^ in our case reads 

^ _ ^^eff 



Furthermore, we have the relations 



M, 



'^Geff 
1 



(8.18) 



(3) 
J 



^eff 



119) 
1.20) 



for the mass and angular momentum. For (|8.11|) one has J = 0, so Lq = Lq = ^l^ffMi^^y 
Plugging this, together with the central charge ( ^.18| ), into Cardy's formula 

Sstat 

yields the statistical entropy 



271 



cLc 
6 



2n 



cLa 
6 



f8.211 



(8.22) 



'eff -~ J 

which coincides precisely with the thermo dynamical entropy ( p.l5|) of the 5d black hole 
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9 Final Remarks 



The conclusions we have drawn are vahd for general black holes of D = 5, N = 2 
supergravities. In particular they apply also to the case of theories obtained from com- 
pactifications on Calabi-Yau spaces. In different contexts there has been a discussion of 



dualities ^ which connect various black hole solutions. We have exhibited an 

explicit duality transformation which is an invariance of the action: it turns the AdS2 x 
near horizon geometry into AdSs x S*^. 

Our calculation shows that the correct statistical entropy is given by the counting of 
microstates from AdS^, where both Lq and Lq are different from zero. Using instead the 
central charge of the AdS2 Virasoro algebra, with only right-movers, gives a factor 
mismatch between statistical and thermodynamical entropy. Within the AdS2 approach 
we were able (up to the mentioned factor \/2) to capture only the entropy of the small 
excitations above extremality, not that of the ground state itself. The reason for this was 
the fact that in two dimensions the Einstein-Hilbert term is a topological invariant, and 
does not contribute to the central charge computed in |^ . In the extremal limit e the 
AdS2 central charge (|6.22|) vanishes, whereas the central charge ( ^.18|) for AdS^ is given 

by 

Q0Q1Q2. (9.1) 



16/3A3 



This is in agreement with Strominger's observation that the 74^5*2 Virasoro algebra 
is related to the right-moving AdS^ Virasoro algebra by a topological twist which shifts 
the central charge to zero. 

It might be that the degeneracy of the ground state itself is effectively captured by a 
model of conformal quantum mechanics ||T6[. However, our results support the point of 
view that the excitations above extremality are described by a two-dimensional conformal 
field theory g^, |n|. 
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